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Introduction.
Let Z be the set of integers, ω = (−1+ is the cubic residue character of α modulo π t defined by
For our convenience we also define α 1 3 = α −1 3 = 1. According to [IR, 135, 313] and [S1] the cubic Jacobi symbol has the following properties:
( The assertion (1.2) is now called general cubic reciprocity law, which was first proved by G. Eisenstein.
For a prime q > 3 let F q = Z/qZ be the ring of residue classes modulo q and C(q) = {∞} ∪ {x x ∈ F q , x 2 = −3}.
For x, y ∈ C(q), in [S1] the author introduced the operation
and proved that C(q) is a cyclic group of order q − ( Let p be a prime of the form 3k + 1. Let m be a cubefree integer with m ≡ 0, ±1 (mod p). A general question is to give a good criterion for m to be a cubic residue of p. A more general problem is to determine the value of m 
(mod p). When q is a prime and q is a cubic nonresidue of p, K. S. Williams [Wi] found a method to determine the sign of M so that q
(mod p). Inspired by Williams' work, in 1998 the author published the paper [S1] . From [S1, Corollaries 2.1, 3.3 and 3.4] we have the following result. = ω (in particular, for q ≡ ±4 (mod 9) we may take k = 1, for q ≡ ±2 (mod 9) we may take k = −1, for q ≡ ±4 (mod 7) we may take k = 9, for q ≡ ±2 (mod 7) we may take k = −9), we have
− 9s) − 9(s 2 − 1) s 3 − 9s + 3k(s 2 − 1) (mod q) for some s ∈ Z.
In [S1] the author established the following general result for m where (u, v) is the greatest common divisor of u and v. In Section 4 we determine the value of
by expressing p in terms of appropriate binary quadratic forms. For example, if p is a prime such that p ≡ 2 (mod 3) and (
As applications, we obtain general criteria for ε
, where ε d is the fundamental unit of the quadratic field Q( √ d) (Q denotes the set of rational numbers) and {U n (P, Q)} is the Lucas sequence given by U 0 (P, Q) = 0, U 1 (P, Q) = 1 and U n+1 (P, Q) = P U n (P, Q) − QU n−1 (P, Q)(n ≥ 1).
For a, b, c ∈ Z denote the binary quadratic form ax 2 + bxy + cy 2 by (a, b, c) . The discriminant of (a, b, c) is the number D = b 2 − 4ac. Denote the equivalence class containing the form (a, b, c) by [a, b, c] . If a positive integer n is represented by (a, b, c) , then n can be represented by any form in [a, b, c] . Thus we say that n is represented by [a, b, c] . For any nonsquare integer D ≡ 0, 1 (mod 4) let H(D) be the form class group consisting of classes of primitive, integral binary quadratic forms of discriminant D, and let h(D) = |H (D) | be the corresponding class number.
In [SW1, SW2] , using class field theory Spearman and Williams proved the following general result for cubic congruences.
. Let D be the discriminant of f (x), and let d be the discriminant of the cubic field Q(t), where t is a root of f (x) = 0. Then there is a unique subgroup J(a 1 , a 2 , a 3 ) of index 3 in H(d) such that if p > 3 is a prime with ( D p ) = 1, then the congruence f (x) ≡ 0 (mod p) has three solutions if and only if p is represented by one of the classes in J(a 1 , a 2 , a 3 ).
In Section 7 of this paper, using our elementary method we prove a general result similar to Theorem 1.4. In particular, we construct the corresponding subgroup J.
All the main results in the paper are based on an important calculation concerning cubic Jacobi symbols, see Theorem 3.1. Using Theorem 3.1 we also construct cubic characters on H(−3k 2 d), where k = k (u, v, d ) is given by Definition 3.1. We should mention that some results in the paper are similar to those results for quartic residues in [S3] .
In addition to the above notation, we also use throughout this paper the following notation:
N the set of positive integers, Z m the set of those rational numbers whose denominator is coprime to m, |x| the absolute value of x, p (a , b , c ) , Ker χ the kernel of the mapping χ.
Basic lemmas.
Let = 1. If a ≡ 2 (mod 3), then a + bω is primary. So using (1.1) we see that
If a ≡ 1 (mod 3), then −a − bω is primary. We also have
This proves the lemma. (k,v) and (
.
By the above, it is clear that
A ≡ ±1 (mod 3) and B ≡ 0 (mod 3). 
we see that v (v,ky) and (a, ky) = 1. We see that
If A ≡ B (mod 2), we have A + B + 2Bω 4
using (1.2), (1.4), (1.5), (1.6) and (2.2) we see that
) and 2 v (v,ky) . Applying (1.2) and (2.2) we see that
By (1.1) and (1.2) we have 
If 2 | B and A + B ≡ 0 (mod 4), as
where in the products p runs over all prime divisors of
By Lemma 2.1 we also have
Note that 2 B implies 2 ky (v,ky) and so β = 0. Combining the above we get
if AB ≡ 3 (mod 4).
Clearly
, y) implies 2 | y and so 2 | A, we see that 2 | AB ⇐⇒ 2 | δ and hence 2 AB ⇐⇒ 2 δ.
When 2 δ, we must have 2 ( v (k,v) , y) and hence
From the above we obtain (2ax + by)v + kuy + 2kuyω
To see the result, as b
d and 2 a we note that
· kdy ≡ kuvdy (mod 2) and if 2 kuvdy, then
Cubic characters on H(−3k
2 d). For later convenience we first introduce the following notation.
if 3 | r and 3 u,
9
if 3 r and 3 u, 3 if 3 r − 2 and 3 u, 1 otherwise and k (u, v, d 
We are now in a position to give the following key result, which plays a central role in the paper.
From Definition 3.1 we know that
Thus by Lemma 2.5 we have
if 2 kuvdy and x ≡ kuvb±1 2 (mod 2).
If α ≡ 0, 1 (mod 3), from Definition 3.1 we see that 2 | kuvd. Thus we always have
This completes the proof.
Proof. Since (a, b, c) ∼ (a , b , c ), there are integers α, β, γ, δ such that αδ − βγ = 1 and (a, γ) . We see that
Thus, applying the above and Theorem 3.1 we get , γ) ). From the above we see
This is the result.
By [S3, Lemma 3 .1] we may assume (a, 6(u 2 − dv 2 )) = 1 with no loss of generality. From Corollary 3.1 we see that χ is well defined. Since b
and so
Thus χ ([a, b, c] 
) is irreducible over Q. Thus, by [Se] there are infinitely many primes p such that x
Thus χ ([p, b, c] 2
and χ ([p, b, c] 3 ) = χ ([p, b, c] )
}. This completes the proof.
Proof. Let χ be the character given in Theorem 3.2. Then clearly
, then χ is a surjective homomorphism and so H(−3k
. This finishes the proof. Remark 3.1 Let χ be the character defined in Theorem 3.
and so χ(K) = 1. Thus A is a subgroup of G (u, v, d) (u, v, d) .
Proof. As p > 3 and p u 
Hence the assertion is true and so
Now putting all the above together we prove the theorem.
(mod p) if and only if p is represented by some class in the set
G(u, v, d) = [a, b, c] [a, b, c] ∈ H(−3k 2 d), (a, 6(u 2 − dv 2 )) = 1, bv − ku(1 + 2ω) a 3 = 1 .
Moreover, G(u, v, d) is a subgroup of H(−3k
Proof. Since ( 
This together with Corollary 3.2 gives the result. 
(ii) 
(iii) p is represented by some class [a, b, c] ∈ H(9k

Proof. From [S1, (5.4)] we know that q is a cubic residue of p if and only if s
. Now applying Corollary 4.1 we obtain the result.
As an example, if p ≡ 1 (mod 3) and q > 5 are primes with 4p 
where
Since m is cubefree, we have ord 2 m ∈ {0, 1, 2}. Thus, by Definition 3.1 we have
As ord 3 m ∈ {0, 1, 2}, from Definition 3.1 we see that k 3 (u, v, d) = k 3 . Now the result follows from the above and Definition 3.1. 
] (or [W i])
we deduce −5, −6, 7, −8 (mod 17) . ≡ 1 (mod 3) , from [BEW, p. 147] or [S4, (2. 12)] we also have
Here we state the similar result for 3 
Moreover, G(m) is a subgroup of index 3 in H(−3k
2 ). for some x, y ∈ Z. In [S1], the author gave the criteria for ε d to be a cubic residue of p in the cases d = 6, 15, 21. For a general related result one may consult [W] .
When p > 3 is a prime such that ( 
Proof. Let u = m/(m, n) and v = n/(m, n) . Since ( Note that (2, 0, 27) ∼ (29, −4, 2) and (4, 3, 9) ∼ (19, 13, 4) . From Theorem 5.1 and the theory of reduced forms we deduce the following corollaries.
Corollary 5.1. Let p be a prime such that p ≡ 1, 5, 7, 11 (mod 24). Then (m, n, d) .
( S 2 (m, n, d ).
≡ −1 (mod p) if and only if p is represented by some class in
. From Theorem 4.1 and the proof of Theorem 5.1 we know that
By the proof of Theorem 5.1 we have k = k (u, v, d) . Hence applying the above and Theorem 4.2 we see that
only if p is represented by some class in the set 
Thus applying Theorem 4.1 we obtain the result. Observe that (2, 0, 81) ∼ (83, −4, 2) and (9, 6, 10) ∼ (13, 12, 9). From Theorem 5.3 and the theory of reduced forms we have the following results.
Corollary 5.5. Let p ≡ 1 (mod 4) be a prime. Then Corollary 5.6. Let p > 3 be a prime such that p ≡ 1, 3 (mod 8). Then 
Applications to Lucas sequences.
For P, Q ∈ Z and an odd prime p with (
where U n (P, Q) and V n (P, Q) are the Lucas sequences given by
It is well known that (6.1)
Theorem 6.1. Let p > 3 be a prime, and P, Q ∈ Z with p Q and (
Proof. Since p aQ and (a, y) | p we see that p ky and (a, y) = 1. Let u = P/(P, f ) and v = f /(P, f ). Then (u, v) = 1 and u 2 −dv 2 = 4Q/(P, f ) 2 . For n ∈ N it is clear that
29
Thus applying (6.1) and (6.2) we see that
Now set n = (p − ( (ii) If p ≡ 2 (mod 3) and ( Putting m = 3, n = 1, d = 13 and k = 3 in Corollary 6.2 and observing that (10, 7, 10) ∼ (13, 13, 10), (25, 7, 4) ∼ (4, 1, 22), (43, 37, 10) ∼ (9, −3, 10) and (47, 5, 2) ∼ (2, −1, 44) we deduce the following result.
